We decompose the Jacobian variety of hyperelliptic curves up to genus 10, defined over an algebraically closed field of characteristic zero, with reduced automorphism group A4, S4, or A5. Among those curves is a genus 4 curve with Jacobian variety isogenous to E 2 1 × E 2 2 and a genus 5 curve with Jacobian variety isogenous to E 5 for E and Ei elliptic curves. These types of results have some interesting consequences to questions of ranks of elliptic curves and ranks of their twists.
Introduction
Curves with Jacobian varieties that have many elliptic curve factors in their decompositions have been studied in a variety of different context. Ekedahl and Serre found examples of curves whose Jacobians split completely into elliptic curves (not necessarily isogenous) [6] . In genus 2, Cardona showed connections between curves whose Jacobians have two isogenous elliptic curve factors and Q-curves of degree 2 and 3 [3] . Applications of such curves range from ranks of twists of elliptic curves [14] to results on torsion [9] to cryptography [5] .
Let J X denote the Jacobian of a curve X and ∼ represent an isogeny between abelian varieties. We ask the following question. Question 1. For a fixed genus g what is the largest positive integer t such that J X ∼ E t × A for some curve X of genus g, where E is an elliptic curve and A an abelian variety?
In [12] we developed a method for decomposing the Jacobian variety J X of a curve X with automorphism group G, based on idempotent relations in the group ring Q [G] . This technique yielded hitherto unknown examples of curves of genus 4 through 6 where t is maximal possible (where t equals the genus g). For genus 7 through 10 we found examples of curves whose Jacobians had at least 2 isogenous elliptic curves in their decompositions. All these examples were non-hyperelliptic curves.
In this paper we apply the methods in [12] to hyperelliptic curves with certain automorphism groups. Given a hyperelliptic curve X with hyperelliptic involution ω, the automorphism group of the quotient curve X/ ω , called the reduced automorphism group, must be one of the following groups: C n , D n , A 4 , S 4 , or A 5 . Here C n and D n represent the cyclic and dihedral groups of order n, respectively.
We study hyperelliptic curves with reduced automorphism group one of A 4 , S 4 , or A 5 . These reduced automorphism groups were chosen for two reasons. First, results from genus 2 and 3 suggest that these families may yield curves with many isogenous elliptic curve factors in higher genus. Second, the list of full automorphism groups with reduced automorphism group one of A 4 , S 4 , or A 5 is manageable.
We review the method from [12] in Section 3 and prove our results for genus up to 10 in Section 4. This bound of genus 10 is somewhat arbitrary. The technique will work for any genus but the computations get more complicated as the genus increases. Section 5 discusses some computational obstructions to producing results in higher genus. In that section we also work with families of curves with 3 possible automorphism groups. These curves have special properties which allow us to prove results about the decomposition of the curves' Jacobians for arbitrary genus.
A brief word on what field the curves in this paper are defined over. Unless specifically stated otherwise, curves are defined over an algebraically closed field of characteristic zero. Our method works generally for curves over any field, however a particular field must be specified in order to determine the automorphism group of the curve. Partial answers to the question posed above are known for curves over fields of characteristic p so we focus on curves over fields of characteristic zero. We work generally over an algebraically closed field however in individual cases the results will hold for the Jacobian of the curve defined over any field containing the field of definition of the automorphism group of that particular curve.
Overview of Results
The decompositions of Jacobian varieties of hyperelliptic curves with reduced automorphism group A 4 , S 4 , or A 5 up to genus 10 are summarized in Theorem 4. Jacobian varieties of hyperelliptic curves of genus up to 10 with several isogenous elliptic curve factors are also found and many are improvements on best known results for t [12] . Two results of particular interest are: Theorem 1. The hyperelliptic curve of genus 4 with affine model
has a Jacobian variety that decomposes as E 2 1 × E 2 2 for two elliptic curves E i . Theorem 2. The genus 5 hyperelliptic curve with affine model
has J X ∼ E 5 for some elliptic curve E.
The first theorem is an improvement from best known decompositions of genus 4 hyperelliptic curves from [13] . The second theorem is, to the author's knowledge, the first known example in the literature of a hyperelliptic curve with a Jacobian variety that decomposes into 5 isogenous elliptic curves over a number field. We prove these results in Section 4.
Review of Technique
Fix k an algebraically closed field of characteristic 0. Throughout the paper a curve will be a smooth projective variety of dimension 1. For simplicity affine models are given when curves are explicitly exhibited. Any parameters in the affine model (labeled as "a i ") are considered to be in k. Also ζ k will denote a primitive kth root of unity.
Given a curve X of genus g over a field k, the automorphism group of X is the automorphism group of the field extension k(X) over k, where k(X) is the function field of X. This group will always be finite for g ≥ 2. Throughout G will denote the automorphism group of a curve X. In the case of hyperelliptic curves over algebraically closed fields of characteristic zero, all possible automorphism groups are known for a given genus [2] , [15] .
Kani and Rosen prove a result connecting idempotent relations in End 0 (J X ) = End(J X )⊗ Z Q to isogenies among images of J X under endomorphisms. If ε 1 and ε 2 are idempotents in End 0 (J X ) then ε 1 ∼ ε 2 if χ(ε 1 ) = χ(ε 2 ) for all characters χ in End 0 (J X ).
Theorem 3.
(Theorem A, [10] ) Let ε 1 , . . . , ε n , ε 1 , . . . , ε m ∈ End 0 (J X ) be idempotents. Then the idempotent relation
holds in End 0 (J X ) if and only if we have the isogeny relation
There is a natural Q-algebra homomorphism from Q[G] to End 0 (J X ), denoted by e. In [12] we describe a technique for taking idempotents relations in Q[G] and (via e) applying Theorem 3 to get isogeny relations among J X and images of J X under endomorphisms. We outline this technique here.
It is a well known result §18.2 [4] that any group ring of the form Q[G] has a decomposition into the direct sum of matrix rings over division rings ∆ i :
Define π i,j to be the idempotent in Q[G] which is the zero matrix for all components except the ith component where it is the matrix with a 1 in the (j, j) position and zeros elsewhere. The following equation is an idempotent relation in Q[G]:
Applying the map e and Theorem 3 to it gives
The primary goal is to study elliptic curves that appear in the decomposition above so we must identify which summands in (2) have dimension 1. We use work in [7] to compute the dimensions of these factors. We first define a representation of G.
Definition.
A Hurwitz representation V of a group G is defined by the action of G on
We are interested in the character of this representation which may be computed as follows. Given a map of curves from X to Y = X/G (where Y has genus g Y ), branched at s points with monodromy g 1 , . . . , g s ∈ G, let χ g i denote the character of G induced from the trivial character of the subgroup of G generated by g i (observe that χ 1 G is the character of the regular representation) and let χ triv be the trivial character of G. The character of V is defined as
Note that for a hyperelliptic curve X, the quotient X/G ∼ = P 1 (since G contain the hyperelliptic involution) and so g Y = 0. Also, χ g i = χ g j if g i and g j are conjugate subgroups.
Each g i may be written as a permutation in some S n , the symmetric group on n elements. We will denote the monodromy type of a cover as an ordered tuple (t
denotes a permutation consisting of a i t i -tuples corresponding to g i . If χ i is the irreducible Q-character associated to the ith component from (1), then the dimensions of the summands in (2) are
See [7] for more information on the dimension computations.
Hence given an automorphism group G of a curve X and monodromy for the cover X over Y, to compute these dimensions we first determine the degrees of the irreducible Qcharacters of G, which will be the n i values in (1). Next we search for sets of elements of the automorphism group which satisfy the monodromy conditions. Compute the Hurwitz character for this group and covering using (3) and finally compute the inner product of the irreducible Q-characters with the Hurwitz character.
We are looking for many isogenous elliptic curve factors among the summands in (2). The following proposition gives us a condition for this.
Proposition 1. [13] With notation as above, e(π
Suppose a curve of genus g has automorphism group with group ring decomposition as in (1) with at least one matrix ring of degree close to g (so one n i value close to g; call it n j ). If the computations of dimensions of abelian variety factors outlined above lead to a dimension 1 variety in the place corresponding to that matrix ring (the jth place), Proposition 1 implies that the Jacobian variety decomposition consists of n j isogenous elliptic curves. Our goal then is to apply the steps in the preceding paragraph to all hyperelliptic curves up to genus 10 with reduced automorphism group isomorphic to A 4 , S 4 , or A 5 .
Results
For hyperelliptic curves over an algebraically closed field of characteristic zero, there is at most one family of curves of a given genus with reduced automorphism group isomorphic to each of A 4 , S 4 , or A 5 , and a curve with such a reduced automorphism group exists only if the genus is in certain residue classes modulo 6, 12, and 30, respectively [15] .
For each reduced automorphism group there are several possible full automorphism groups. Table 1 lists all groups and the modular conditions for their existence in a certain genus, as well as monodromy conditions and the dimension of the family of curves for the given genus g. This table is a reproduction of one in [15] . Explanations of how the date in this table was produced may be found there, along with affine models for all families.
Applying the technique in Section 3 to hyperelliptic curves of genus 3 through 10 produces results that are summarized in the following theorem. Theorem 4. For hyperelliptic curves up to genus 10 defined over an algebraically closed field of characteristic zero with reduced automorphism group A 4 , S 4 , or A 5 , Table 2 gives a decomposition of the Jacobian of these curves up to isogeny. In the table E i represents an elliptic curve and A i,j is an abelian variety of dimension i > 1, indexed if necessary by j. The dimension of the family with this automorphism group in the moduli space is also included.
Reduced Automorphism Group A 4
If a hyperelliptic curve has reduced automorphism group isomorphic to A 4 , its full automorphism group is isomorphic to SL 2 (3) or A 4 × C 2 . For 3 ≤ g ≤ 10 the former group occurs in g = 4, 8, or 10 and the latter group occurs in g = 5,7, or 10. The group SL 2 (3) has seven conjugacy classes. The identity, the unique element of order 2, and all the order 4 elements each form conjugacy classes. The order 3 and order 6 elements split into two conjugacy classes. The group ring Q[G] has Wedderburn decomposition
where ζ 3 is a primitive cube root of unity. So G has two Q-characters of degree 1 (χ 1 and χ 2 ), two of degree 2 (χ 3 and χ 4 ), and one of degree 3 (χ 5 ). The values of these characters on the conjugacy classes of SL 2 (3) are given in Table 3 .
Recall from Section 2:
Theorem 1. The hyperelliptic curve of genus 4 with affine model
has a Jacobian variety that decomposes as E 2 1 × E 2 2 for two elliptic curves E i . Proof. This curve has automorphism group SL 2 (3). The monodromy type is (4 (6) ,
) and so has monodromy g 1 , g 2 , and g 3 ∈ SL 2 (3) of order 4, 3, and 6, respectively. As noted 
above, the six elements of order 4 are all in the same conjugacy class. Thus χ g (the induced character of the trivial character of the subgroup generated by g ∈ G) will be the same for all g of order 4 and similarly for elements of order 3 or 6 since all order 3 and 6 elements form conjugate subgroups and so computing
The value of χ V on conjugacy classes (listed in the same order as in Table 3 is the 7-tuple (8, −8, −1, −1, 0, 1, 1). Computing the the inner product of the irreducible Q-characters with χ V yields a value of 2 for each of the degree 2 characters and zero for all the other characters. Applying (4) and Proposition 1 gives
With similar computations we find a 1-dimensional family of genus 8 curves with automorphism group SL 2 (3) and monodromy type (4 (6) , 3 (8) , 3 (8) ) whose Jacobian varieties decompose as A (recall A i,j is a dimension i abelian variety indexed by j). Models for these curves are
and
The group A 4 × C 2 has four irreducible Q-characters of degree 1 and two of degree 3. For genus 5, the family of curves with affine model
has automorphism group A 4 × C 2 and monodromy type (3 (8) , 3 (8) , 2 (12) , 2 (12) ) [15] . A search through all elements in the group of order 2 and 3 to find those that satisfy this monodromy condition yields two possible sets, up to conjugate subgroups. We compute the Hurwitz character for each possible monodromy and the inner products of the irreducible Q-characters and the Hurwitz character. In each case the inner product is 4 for one of the degree 1 characters and 2 for one of the degree 3 characters. By (4), the Jacobian variety of X decomposes into a dimension 2 variety and three dimension 1 varieties. Proposition 1 asserts that the three elliptic curves in this decomposition are isogenous and so J X ∼ A 2 × E 3 for some abelian variety A 2 and an elliptic curve E.
In both genus 7 and 9 there are 1-dimensional families of curves with automorphism group A 4 × C 2 . Models of these curves are Similar computations as in the case of genus 5 gives J X ∼ E × A 3 2 for X of genus 7 and 
Reduced Automorphism Group S 4
When a hyperelliptic curve has reduced automorphism group S 4 , there are four options for its full automorphism group: S 4 × C 2 , GL 2 (3), and two order 48 groups:
(we use notation for these groups as in [15] ).
For genus g ≤ 10, only in genus 3 is there a curve with full automorphism group S 4 × C 2 . In [13] , we decomposed the Jacobian variety of this curve into the product of three isogenous elliptic curves. This result also appears in the literature using other techniques [11] .
There is one curve, up to isomorphism, of genus 6 with automorphism group GL 2 (3):
The automorphism group has 2 irreducible Q-characters of degrees 1, 2, and 3, as well as one of degree 4. The curve has monodromy type (6 (8) , 8 (6) , 2 (24) ) and the inner products of the irreducible Q-characters with the Hurwitz character gives values of 2 for a degree 2 character and for the degree 4 character from which we may conclude that J X ∼ E For genus 5 and 9 there is one curve with automorphism group W 2 . In genus 5 the curve has an affine model
with monodromy (4 (12) , 4 (12) , 3 (16) ) while in genus 9 the monodromy is (4 (12) , 4 (12) , 6 (8) ) and a model is
This group has 8 irreducible Q-characters: three of degree 1, two of degree 2, and three of degree 3. For genus 5 computations similar to those above yield J X ∼ E In genus 8 the curve with model
has automorphism group W 3 and monodromy type (4 (12) , 3 (16) , 8 (6) ). The irreducible Qcharacters consist of two each of degrees 1, 2, and 3 as well as one of degree 4. Computations give the Jacobian of this curve decomposing as A 2 2 × E 4 . In [12] , considering different families of curves up to genus 10 we found a genus 8 curve with Jacobian decomposition A 4 × E 2 1 × E 2 2 so the result above is an improvement on the bound of t from the question in the introduction.
Reduced Automorphism Group A 5
Similar to the A 4 case, if a hyperelliptic curve has reduced automorphism group isomorphic to A 5 , its full automorphism group is isomorphic to A 5 × C 2 or SL 2 (5) [15] . The smallest genus of a hyperelliptic curve with automorphism group isomorphic to SL 2 (5) is 14, so we do not consider this group in this section. (But see Section 5.2 for decompositions of Jacobians of curves with this automorphism group for higher genus.)
There is one curve each, up to isomorphism, of genus 5 and 9 with automorphism group A 5 × C 2 . In Section 2 we mentioned the following result which we prove now.
Theorem 2. The genus 5 hyperelliptic curve with affine model
has automorphism group A 5 × C 2 , monodromy type (3 (40) , 10 (12) , 2 (60) ), and J X ∼ E 5 for some elliptic curve E.
Proof. The model, automorphism group, and monodromy are from [15] (although note the slight correction here of the model listed in that paper). The irreducible Q-characters of this group consist of 2 each of degree 1, 3, 4, and 5 characters. A search of all elements of G of order 3, 10, and 2 which could be possible monodromies leads to only one option, up to conjugate subgroups. The monodromy will be g 1 , g 2 , g 3 , and g 4 ∈ G of order 3, 10, 2, and 2 respectively, where Table 4 gives the values of the irreducible Q-characters on the conjugacy classes of A 5 × C 2 . 
The Hurwitz character is
and its value on conjugacy classes (in the same order as Table 4 ) is given by the 10-tuple (10, −10, 2, −2, −2, 0, 0, 2, 0, 0). The inner product of each of the irreducible Q-characters with it results in a value of zero for all except one of the degree 5 characters where the inner product is a 2. By (4) and Proposition 1 this gives the desired decomposition.
Applying this same idea to the genus 9 curve with affine model
and monodromy type (6 (20) , 5 (24) , 2 (60) ) yields inner products with a value of 0 for all irreducible Q-characters except for one degree 4 and one degree 5 character, where the inner product is two. Again, by (4) 
General Results
One obstacle to extending these results to higher genus is the computation of the monodromy for the covers. The monodromy type often is not sufficient to uniquely determine the monodromy g 1 , . . . , g s which is needed to compute χ V in (3). The groups SL 2 (3), SL 2 (5), and W 3 all share the following property. If X is a curve with automorphism group G one of these groups and if m is the order of some element of the monodromy of the cover X over X/G, then χ g i = χ g j when |g i | = |g j |. This allows us to compute χ V for X just by knowing the monodromy type. We then apply the technique above to get general decompositions for arbitrary genus.
Since the induced characters of the trivial character of the subgroups generated by the monodromy elements are completely determined by the orders of the monodromies, from now on χ g i will mean the induced character of the trivial character of the subgroup generated by an element of G of order i (so no longer the ith element of the monodromy).
SL 2 (3)
For g > 2, every even order genus has a hyperelliptic curve over k with automorphism group SL 2 (3). Let G(x) = (x 12 − a i x 10 − 33x 8 + 2a i x 6 − 33x 4 − a i x 2 + 1). Table 5 gives affine models and monodromy for curves of each even genus. These results may be found in [15] . 
) Also recall the Wedderburn decomposition of Q[SL 2 (3)] and the irreducible characters of SL 2 (3) from Section 4.1.
Computing the Hurwitz character (3) requires computing χ g i (the trivial character of g i induced to SL 2 (3)) for each branched point g i . The monodromy types above gives us the order of each branch point and for this particular group, the order of the element is sufficient to compute the induced character (i.e. regardless of which element of a certain order is chosen, the induced character will be the same). Table 6 lists the values of these induced characters on each conjugacy class. • If X is a curve with genus g ≡ 2 mod 6, let
be the dimension of the family of curves of genus g with this automorphism group. Based on the monodromy,
Computing the inner product of each irreducible Q-character (see Table 3 ) with χ V gives
• If X is a curve with genus g ≡ 4 mod 6 then d = g− 4 6 and based on the monodromy,
This gives
• Finally, if X is a curve with genus g ≡ 6 mod 6 then d = g− 6 6 and based on the monodromy,
This gives
SL 2 (5)
If g ≡ 14, 20, 24, or 30 mod 30 there is a hyperelliptic curve of that genus with automorphism group SL 2 (5). Table 7 lists models and monodromy for these curves (see [15] for computations of these models) where, ) Again, regardless of what element of a certain order we pick, the induced character will be the same as listed in Table 8 . The group ring for this group is Computing the inner products of the irreducible Q-characters and χ V (listed below for the 4 cases) produces decompositions of the form A and the Hurwitz character is χ V = 2χ triv + (d + 1)χ 1g − χ g 4 − χ g 3 − χ g 5 − dχ g 2 and j = 2d + 1, and k = 3d + 1.
• When g ≡ 20 mod 30 then d = g−20 30
, the Hurwitz character is χ V = 2χ triv + (d + 1)χ 1g − χ g 4 − χ g 3 − χ g 10 − dχ g 2 , j = 2d + 1, and k = 3d + 2.
• If g ≡ 24 mod 30 then d = g−24 30
, the Hurwitz character is χ V = 2χ triv + (d + 1)χ 1g − χ g 4 − χ g 6 − χ g 5 − dχ g 2 and j = 2(d + 1) and k = 3d + 2.
• And if g ≡ 30 mod 30 then d = g−30 30
and the Hurwitz character is χ V = 2χ triv + (d + 1)χ 1g − χ g 4 − χ g 6 − χ g 10 − dχ g 2 so j = 2(d + 1) and k = 3(d + 1).
W 3
When g ≡ 8 or 12 mod 12, there is a curve of that genus with automorphism group W 3 . Models and monodromy are listed in Table 9 where G(x) = x 24 + a i x 20 + (759 − 4a i )x 16 + 2(3a i + 1288)x 12 + (759 − 4a i )x 8 + 1. Again, computations of these models or monodromy are in [15] . ) W 3 has two each of degree 1, 2, and 3 irreducible Q-characters and one of degree 4 and
As in the previous two cases, there is only one possible value for the induced character, except for order 4 elements. However only certain order 4 elements show up in the monodromy and they all have the same induced character. • When g ≡ 12 mod 12 and d = g− 12 12 , the Hurwitz character is 
